
I T F R A T I V E  A P P R O X I M A T I O N  M E T H O D  F O R  

S O L V I N G  H E A T  C O N D U C T I O N  E Q U A T I O N S  

G. P .  K o b r a n o v  UDC 536.24 

Convergence  ana lys i s  is given for  solving equations of heat conduction in the t h r e e -  
d imensional  space  on an e lec t ron ic  compute r  under involved boundary conditions; an 
i te ra t ive  approximat ion  method is used in which the sought function is de te rmined  by 
success ive  approx imat ions  with a subsequent  approximat ion  by Chebyshev polynomial  
of the same  degree .  

The use of e lec t ron ic  compu te r s  (EC) for  numer ica l  solution of a number  of p r o b l e m s  opens up 
new poss ib i l i t i e s  for  developing methods  thoughtnot  sui table for  manual ca lcula t ions .  The i tera t ive  ap-  
p rox imat ion  method [1] be longs  to this c l a s s .  If we decide that to solve the equations of heat conduction 
the ana lys i s  of the advantages  and d i sadvantages  of this method compared  wgh other  numer ica l  methods 
employed  at p r e s en t  is beyond the scope of this a r t ic le  we shall cons ider  the feas ibi l i ty  of solving the 

av OZv 

Or Ox 2 

equation 

a~-v a"-v 
i-~(x, y, z, T ) : - A v + ~ ( x ,  y, z, ~), 

O f  Oz" 

0 < x ~ l ;  0 ~ y ~ l ;  0 ~ z ~ l ;  0.~gT.<5.. 1 

by means  of the i tera t ive  approximat ion  under the following boundary and initial conditions: 

Or(O, y, z, ~) bo.~v~(O, y, z, T ) = - - % . ~ ( y ,  z, "0; 
Ox 

Or(l, y, z, T)_I bl.~v4(1, y, z, -c)--~lx(y,  z, T); 
Ox 

Or(x, O, z, ~) Oo~V'(X, O, z, "O=--%, j (x ,  z, -r); 
Oy 

Or(x, 1, z, T) v' bl~v~(x, 1, z, "0 : = ~ ( x ,  z, "~); 
Oy 

Ov(x, y, O, ~) bo~v~(x, y, O, ~) . . . .  %z(x,  Y, T); 
OZ 

Or(x, y, 1, ~) . ba,v4(x ' 9, 1, 'r)=~lh~.(x, y, z); 
Oz 

v(x, y, z, O)= ~(x, y, z). 

where 

Equation (1) is now r e p r e s e n t e d  in the f o r m  

<)Pq,,,s,t _ O~Pq ..... ( q_ O~P~ r,s,t , O~Pq ..... t ~_ r + C q , , : , t ( x ,  y ,  z, r),  
Or Ox 2 Oy ~ ' Oz z 

i = 0  ]=0 k~O l=0 i ,] ,k , l  
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and its solution is sought by iterative approximation if the initial values  of q, r, s, t are given by 
T 

I ( p - - l )  4G.,=v(x. y, z, o) j'{aG ..... 
o 

O < x < l ,  O < y < l ,  O K z < l ,  0-.<. TG 1; 

(- l )  p p-- ..(p--l) . t+.(p--l) , 
q , r , s , t  ~ Uq , r , s , t  ~ -  ~ J q d ' , s , t ,  

O - ~ x ~ l ,  O ~ y ~ .  1, 0.<. z ~ l ,  0.-.%,..<. 1; 

p(p-i) 
, . . . . .  , =  E 

: ~ i , ] , k , l  

'(P) *c)--'- b~ "v (p> (0, y,  "z, . " vq,~,~,t(O, y, z, - - l ' ~  ..... t ~)p n(p-') I , , %~(y ,  z, ~) 
, I2. , ,  n x n x 

d'> " ~) + - - , t ~ , ,  ..... , t . .  u. z, ~)p I ~ = ~ - •  -~ . q,~,s,tt, y ,  z ,  bl:~" " '(p) z l  = ~q,r,s,tDCP -1)  ~ l x ( Y ,  Z Z) 
�9 rb x n x 11, x 

b ~  (P) t r  T)14 ~ b - - 0  [ , % y ( X ,  Z ,  T )  (P) r r  T) - ' , - - -  tVq , , . , s ,~ t .  , O,  Z,  = ' ; ~ q , r , s , t t .  , O,  Z ,  - - q , r , s , t  l y ~ ' ~  
11 t ny I~ y 

(5) 

'(P) (x, 1, z, ~) ' bvJ "v p) (x, 1, T)]s_ n(p-1) , ~lu(x, z, T) 
~q r , s , t  -7- - -  [ q , r , s , t  Z~ , - -  ~ q , r  s , t  V = l _  1--_ -i- 

,rl.tj n y  lZy 

v(;) ~x ' r)(v-a) l , % ~ ( x ,  y ,  ~;) ~ boz  
~,,,~,ft , v,  0, ~ j + - -  (') " [vq.,.,,.t(x, V, O, z ) p  _ " - -  r q , r , s ,  t ]z~_ZL 

1~. z n z 1~ z 

,(P) {v blz r~(P) .i  X _ D(P_I) @lz(X,.t / ,  T) co ..... ~v- Y, 1, T)-',- y, 1, z)] a -- _q . . . .  t !  1 1 - " - - t  q ,  , s , t k  ~ z = - - - -  
II z n z 11, z 

p = 1, 2 . . . . .  m i s  the o r d i n a l  n u m b e r  of  the a p p r o x i m a t i o n ;  n x, ny, n z de no t e s  the n u m b e r  of s t e p s  in 
x, y, z r e s p e c t i v e l y .  F o r  g iven  q, r ,  s, t successive a p p r o x i m a t i o n s  a r e  t e r m i n a t e d  when 

D(na--l) p [ n D  

l - , . , .~ . t  . . . .  ,1 . . . .  ~' < 6 .  
p(n,) 

q , r , s  ,t I 

I n c r e a s i n g  the d e g r e e  of q, r ,  s, t by uni ty  we now r e p e a t  the o p e r a t i o n s  unti l  the inequa l i ty  

D(na--1) r ) (no)  
t*q-ff-l.;+l s+l t + l - - r q @ l , r + l , s + l , t + l l  

D(nD 
I a q +  1 , r + i , s + I , t + l L  

< 6 ,  

is satisfied, 6 denoting a suitably small value. 

We evaluate now the quantity 

p(nl) r)(nD 
q , r , s , t  - -  r q + l  ,r-}-I ,s-i-1 ,t,4-1 [ 

= a q + l , , ' + l , ~ . l ,  t , r  (6)  
]/"q+l ,r--I ,s+l ,t-f-ll 

at the t yp i ca l  po in t s  of x, y, z, r .  

As soon a s  Aq +1 '  r + l ,  s +1, t + l  we a g a i n  i n c r e a s e  by uni ty  the d e g r e e  of the p o l y n o m i a l  and r e p e a t  
the  i t e r a t i v e  a p p r o x i m a t i o n  p r o c e d u r e  unt i l  the cond i t ion  

Aq+~,~+n,~+%t+x < 6. (7) 

has been reached. 

The so lu t ion  p r o c e d u r e  is  now a n a l y z e d  in m o r e  d e t a i l ,  

The  f i r s t  a p p r o x i m a t i o n  v(l)(x, y, z. r )  is  d e t e r m i n e d  f r o m  

vO)(x, y,  z, T ) = v ( x ,  y,  z ,  O ) - - f A y ( x ,  y, z, O)dT-t- qMT, 
o o 

O < x < l ,  0 < g < l ,  0 < z < l ,  0 ~ < T ~ I ,  

( s )  

vO-)(O, y, z , z ) +  b~ [vO-)(O, 9, z, z)]~ =vO-)( ~ 1  , y, z, T / v-%~:(Y' z,-r) 
t~x \n x, ] 17, x 
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V(1)(I, y, Z, T)+ blx [0(I)(I, ~], Z, T)]4---~V(1)((l- l--~--~, y,Z, T~ + ~Ix(y' Z, T) . 
rbx \ ~ t~x / ] n x ' 

1 ) *ou(x, z, "r) (9) vO)(x, O, z, z )+- .b~  [v(,)(x, O, z, ~ ) p = v O )  x , - - , z ,  �9 + .  
~y ny /'by 

(x( 1 c(~)(x, 1, z, T)-?. [v(~)(x, 1, z, ~)]a =.vO) , 1 - - - -  
n,y ~y 

.~) _~ %,j (x, z, ,) . 
Z, ) rby 

b0~ / 1 U(1) (X, y, 0, T)-'-- [UO)(X, y, 0, "[:)]4 =V O) {X, V, 
/7"z / ~ ~z 

, T) + *o~(X, V, "0 ," 
nz 

/$z ' /7, z / ' t$ z 

Now vO)(x, y, z, r) is approx imated  in the region {O _ x _< l ,  O - < y - <  1, O - < z - <  1, O--<r--< 1} by the po ly -  
nomial  PO)q, r, s, t, for example ,  in the fo l lowing order .  

q 
By finding the function vO) (x, O, O, O) and approximat ing  it on EC by the po lynomia l  ~ aiO)(O, O, O)x i, 

one has i=0 

q 
e(,), (10) ~.~a~')(O, O, O)#=v(~)(xl  O, O, 0 ) +  (q/tx, O, O, 0). 

i=0 

By c a r r y i n g  out a cyc l e  of  computat ions  at the y nodes  one obtains  the sys tem,  

q 

E ( - ~ - v )  ( 1 ! ( 1 1  a~) 1 0 , 0  x ~ = v  (~) x, - -  0, 0 . o(1) , , o(q) x , - - ,  O, 0 ; 

q 
E ~ _ y  ) ( 2  ) ~ ( 1 ) ( c )  ) a~, ) /  2 , 0, 0 x i = v  (~) x , - - ,  0, 0 S~(q) x , - - ,  0, 0 ; 

, ng I I .g 
i = 0  

. . . .  ~ . . . . . . . . . . . . . . . . . . . . . . . . . . .  
q 

~I)~ Z a ~ l ) ( l ,  O, O ) x i = v O ) ( x ,  1, O, 0 ) +  .q)tX, l, O, 0). 
i=0 

(11) 

The funct ions a[ 1) (y, 0, 0), i = 0, 1, 2 . . . . .  q are approximated  on the computer  by the po lyno m ia l s  
r 

a (I) , 811) ~a~])(0, 0)gi= i (g, 0, 0)-: i(r)(tJ, 0, 0). (12a) 
/'=0 

By comput ing  a cyc l e  at the z nodes  one obtains  
r 

V a ( , , [  1 0 g1=a~ 1) u , -  0 ~- - - , 0  ; 

/=0 

Z / ( , )- a~]~ 2 0 v i = a ? )  g, 2 0 ,-~r) - - ,  , 
' 1~ z 1~ z ] 

]=0 (12) 

r 

(I) L ~i). Zazi (1, O)yi=a~l)(y, 1, 0)-~ .()(y, 1, 0). 
]=0 

Then the e x p r e s s i o n  r 0 )  (x, y, z, 0) is a l so  evaluated.  ~ 
The funct ions  a!l.)(z, 0), i = 0, 1, 2 . . . . .  q; j = 0, 1, 2 . . . . .  r are  now approximated  on the eomputer  

tj 

by the p o l y n o m i a l s  ~ a ! ~ ( 0 )  zk: 
k=0 
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,: , o) + ~[:0, (z, 
k=0 

(13) 

Having concluded these  computat ions  at the T nodes  one obtains  

a{!)[' l~z~=a(,)(z, 1 ")~_e(,)  (z ' n~r) 
#=0 

i /k  i f  Z, - -  ~ _  g(1) Z, ~ ij(s) ~ - , )  

k=O 

. tjls ) 
k=O 

(1) (x, y, z, T) and ei}lrl(y,z, r) are a lso  determined .  Then the quantit ies  g(q) 

~y approximating the functions .!~{(,) by polynomials one finns that 

i 

l=O 

i = 0 ,  1, 2, . . . ,  q; ] = 0 ,  I, 2, . . . ,  r; k = 0 ,  1, 2 . . . .  , s. 

(14) 

(15) 

When this cyc le  of computat ions  is t erminated  and by taking into account the re la t ions  of the type 
(10)-(15) one obtains  

t 

a f l ) ( T )  = % ' ~ a ( l ) T / - - ~ :  (l) (T); 
iik , ~ i  Q'kl i ik(t) 

/ = 0  

.~:' (~, , ,  = <" ~<' ) ' , '  :-:' ( ~ , ,  = + ~ :2 i/k', : ii(s ~ ~ i/#l i/k ii(s) 
k~O k~O l~0  #=0 

i=o i=o #=o z=o 1=o k=o 

- -  8}/()s)(Z ' T ) / j [ - - 8 ( i ) ( s , ,  T); U(I) = P  (1) __q~)(l) 
i ( r )  ~ '  Z, q , r , s , t  q , r , s , t '  

]=0 

(].6) 

where  

i = 0 / ~ 0  k=O l=0  

q r ~ 2 r 
, ..... ,.~, ,:,,,,)(0.~'~:: ~/(~)(z, ~)::,y:-- (y, ~, j, ~, �9 , ~ ~ ( : )  ( q )  X ' . 

i=O/=0 k=O i = 0 / = 0  :=0 

The function v(q2)r, s, t can be obtained f r o m  the e x p r e s s i o n s  

j v (~)q,,,,,.= v(x,  y, z, O)-'- AP(~'~ ~ dr  ~d,:; 
0 0 

O<x< l ,  O<g<l ,  O<z~ l ,  0 ~ 1 ;  

v(~) :0 y, z, ,r)~- b~ iv(2) .(0, u, z, "r)p =P( ' )  I 
Fb x n x 

q~o.~ (Y, z, T) 
I?,:r 

(17) 

v (2) tl -v) ' b,.~ ,~2~ " Y, "0P=Pu)  .r q , r , s , f k  ' Y '  Z, - 7  ~ [ g q , r , s , ~ ( l ,  Z, 1 ~ -  q,r,5,~ f ~ l  
t~x n x 

+~+(y, z, T) 
17:c 
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v (2) (x, O, z, ~)+-bov 
q,r,s,t 

lSg ng 

v (2) �9 I, z, ~) + bzu [v (~ +(r, 1, z, ~ -  P , )  + . . . . . .  , +  . . . . . . .  - 01  - + . . . . .  

v (~') .(x, g, O, x ) +  ..bo+ rv(2 ) + . . . . . .  n,  ' +'" '~a(x '  y' O, "014 = P ( ' ) ,  + , , - , , , t ] ~ = •  + 
n z 

v (2) (x, y, 1, ~ ) +  bl` rv (-~ tr y, 1, w)] 4 = P i t )  .+ , -~ 
q,r,s , t  P"z t q,r.s,t  ~'~' q , r , s , t  /z=l nz 

[%'),,,~(x, O, z, '0]' =Pm+,,.,~.,. I _ _  , % ( x ,  z, '0 ,u=-- ~ -; 
/'/.g 

* l y ( X ,  Z, +) 

tl  v 

%~(x, y, ~) . 

I$ z 

%. (x, y, T) . 

n z 

0 ~ < T - ~  I; v(x, y, z, O ) =  ~ (x, g, z). 

The funct ion v(~)r, s, t (x' y' z,  T) is  now a p p r o x i m a t e d  by m e a n s  of 

v(q2,~,~,~ _ ~(2)  ,,_,,(2) - -  "r q , r , s , t  - -  '~'q,r ,s,l, 

where 

p (2 )  " = X a(2)'xiyizk'd; 
q.r , sd  ~JRt 

i , ] ,k . t  

' ~  8(2) Xitl] + ~ ~ ) ) X  i _~  ~(2). r  = X M ? ' ) ' " x i y i z ~  + ~ q ( s )  = q , r . s , t  tl~fJ) " ( q ) '  
i ,],k t , t  i 

i = 0 ,  1, 2, . . . ,  q; ] = 0 ,  I, 2, . . . ,  r; k = 0 ,  1, 2 . . . .  , s; 

/ = 0 ,  1, 2 . . . . .  t; 0 ~ x . < .  1; 0..<2. u.-/. 1; 0.<s 0~<z-~<l .  

P r o c e e d i n g  fur ther  in th i s  way the r e l a t i o n s  of the f o r m  (17)- (20)  are  obtained for the m - t h  ap-  
p r o x i m a t i o n  in which the s u b s c r i p t s  1, 2 are  r e p l a c e d  by m - l ,  m .  

A c o n v e r g e n c e  a n a l y s t s  i s  now c a r r i e d  out for  the so lut ion  of Eq.  (3). To  this  end the l i m i t  is  
found of the o p e r a t o r  for  m ~ ~ ,  

OD(m) J q  r,s~ 
L ( ' )  AP(,,o - - q ) ( x ,  g, z, x). 

q,r,s ,f OT q,r,s,l  

By taking into account (17) and (19) one finds 

0 r~(m) ,~,~(m) 

rq'r'~"~ AP('"-')-:-(p(x, y, z, ~)-'.- ~"~'q ..... t 
01; q,r,s.t ~ 0"~ 

and hence 
~ (m)  

r ( n l )  / A D ( m - - I )  ~D(m)  ~, : Oq)q,r,s , l  
Lq , r , s , t  ~= kCJ~q,r.%[ - -  La~q,r,s, t!  " i "  OT 

nZ - -  2 ,  3 ,  . . . ,  tt .  

It f o l l o w s  f r o m  the e x p r e s s i o n s  of the type (16) and (19) that 

p(m-l) p(m)  , ( .~ -1)  ("0 ~ ~ r  .-'.("~) ~. 
q , r , s , I  - -  q , r , s , t  [Or - -  U q , r , s , H  - } -  I q , r , s , t  - -  ~t'Pq,r,s,O~ 

m : = 2 ,  3, . . . ,  n. 

Since 
"r T 

<"' ,  = v(x. y. z. 0) :I I +(x' v. z. Uq,r,s,t -i- , . . . .  
0 0 

t h e r e f o r e  

T 
p ( m - l )  r)(m) C t ' A D ( m - 2 )  Ar)(m--1) , -- I .,f~(m--l.m) 

q,r,s.Z - -  r q , r , s , t  == .) taarq . r , s , t  - -  Carq.r.s , t)  aT  i- V:'q,r.s,t , 

o 

w h e r e  

q ) ( m - - l , m )  ,4~(m--l) --(m) 
q , r , s , t  •  "4- 'q , r ,s , !  - -  CPq.r ,s ,~ ,  

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 
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An a s s u m p t i o n  i s  now m a d e  tha t  the  f u n c t i o n  v(x,  y, z, 0) i s  b o u n d e d  and  tha t  t he  d e r i v a t i v e  d ( A v ) / d 7  

e x i s t s  in t he  e n t i r e  r e g i o n  in wh ich  the  f u n c t i o n  v is  d e t e r m i n e d .  

One can o b t a i n  

p(O . M ( o  ~(~,.'2') , ..... ~-P~,} , ,~ ,~l~-  -~-I ~ ..... ~Im~, 

An(m--I) AD(m} 

(24) 

w h e r e  

0 

~ ( , f )  4}(,) , q;2} [) . . . .  : 

a n d  M, N ( m - l )  a r e  f i n i t e  v a l u e s .  

One now f i n d s  Lq{l?)r, s , t  (P = 1, 2, . . . , m)  b e a r i n g  in m i n d  the  i n e q u a l i t i e s  (24): 

~.-~(i) ] 
. ( , )  oPL'~ ,  . o . )  ' ' ~ - I M , , ;  
m q , r , s , t  = OT C ~ r q , r , s , t  . . . .  

~m(4) . [ 
"t'2 ~ ( 2 , 3 )  - ~ I (~(3,4) [max -]- , Dq,r,s, I T ( 4 )  < N(~)N(~)N(8) (M(]) ~_ , ~l;2{. , t  lmax) ~ -7- Nn)N (8) "~q ..... ~ . . . .  .2_ N(8) i --q.r,s,~ ' ~q'~'~"a~ " 

. . . .  c)~q_&~,~ i ; 
~ . . . . .  ~ - ~ . . . . .  " : a ~  < N ( ~ )  ( M ( ' )  +l~}~17,L,lm~,:) -HI aT [ 

0~3~ s t 
% 

L(3) t a D ( 2 )  - -  AP(qa'~" s ') { aT, " Ima• q , r , s , t  ~ U - ~ t q , r , s , l  , , , " ' ' . .  --q,r,s,.~ q , r , s , l  J d T .  - i  " ~ ' q , r , s , t  
7-~(2,3} r 

b 

u~Pq,;,s,.~ . 
+ T , I " ~ , ~ , ~ , t l m ~ . O  ~ = N(")I q, , . ,~, t  m =  + a T  . ' 

, r ; m - 2  

L(m) ~<N(1)N(2}. N(,,~_~)(M(1 ) !u.q ..... ~ ~,~) q , r , s , l  , . ~ ( 1 , 2 )  
(m --  2) ! 

tit--8 
~}(m-1)  ~ ( 2 , 3 )  fit 

+ N(2)N(3) . . . . . .  q ..... flm~• ( m - - 3 ) ! - - i - "  . 

I _~.-~.(m) 
~(n t - -2 ,m- -1 ) !  - -  " t O " P q , r , s , ~  

�9 . .  -i- N( 'n- '~)N( '" -~) t  q . . . . .  t i ma~ ~ @ , u  1 ~ q ( ~ . ~ , ~ m ) I m a x  ~ -  T I �9 

T h e  s e r i e s  on  the  r i g h t  of  t he  i n e q u a l i t y  (25) c o n v e r g e s  f o r  m ~ ~ C o n s e q u e n t l y ,  

(25) 

. ( m )  
lira L q , r , s d  --= L q , r , s , t ;  

} l i fO0  

,~D {m) 
lira ~-q . . . .  t lira AP~.~ .~- - {p (x ,  U, z, ~ ) =  OPq ..... t AP --q~,(x, U, z, ~); 
n z ~ o  q a T  , n ~ r  a T  q , r , s , t  

(, 'n) 
lira a~im ~ A~ik~ ; 

m ~ o o  

i = o ,  1, 2, . . . ,  q; 

j = O ,  1, 2, . . . ,  r; k = O ,  1, 2 . . . . .  s; 1 = 0 ,  1, 2 . . . . .  t; 

p ( , , o  lira q , r , s , t  ~ P q , r . s , t  " 
t~  ~ o c  

(26) 

Proceeding to the limit in the expression (22) one obtains 

]ira ~ ' ~ q , , . . s , ~  _ OCI}q,,',s,~ 

.~ (m} as{m) lira ,-,euk(~) _ O%k(~ - lira __~r  ~ Oeq(~)_. (27) 

1148 



.q (m) 
lim ~,8i(o aei~) �9 lira ~ 

- -  , "r.'iik(l) = 8 Q * k ( t ) ;  

lim o(m) . lim,e~l ~ i ] ( s )  ~ 8i / ( s  ) , ~--- 8 i ( r ) ;  
t , , t~oo m ~ o o  

..~.(m) 
lira K O q , r , s ,  t : % , r , s , I  " 

(28) 

Hence,  

In v iew of  (27) one obta ins  f r o m  the e x p r e s s i o n  (23) that  

lira ap(m--t) = L  -'- APq ..... t OdPq'~'s't 
m ~ o o  ~ q , r , s , t  - q , r , s , i  i O T  =- APe . . . . .  ~ . 

Lq,r,s,t ~ Oqbq'r's't , , 

O < : x < l ;  O < y <  1; O < z < l ;  O.G'r-.<. 1. 

I n c r e a s i n g  now by unity the d e g r e e  of the po lynomia l s  in q, r ,  s, t which app rox ima te  the funct ion 
v(x, y, z, T) one f inds  that  

# L . 42 ~/ q2 . Lq+I, r+l, s+l, ~+1"~" q,r,s,~' --q+l, r+~, s+l, t+l "~" q,r,s,t 

Final ly ,  when the d e g r e e  of  the p o l y n o m i a l s  b e c o m e s  infinite the e r r o r s  and the o p e r a t o r  of  the 
f o r m  as  in (21) a p p r o a c h  z e r o  ,and the e x p r e s s i o n  (4) is the exac t  solut ion of  (1). 

The  c o n v e r g e n c e  a n a l y s i s  of  the solut ion is now c a r r i e d  out when the bounda ry  condi t ions  a re  given 
by  (5). To this  end with m ~ co it is  n e c e s s a r y  to f ind the l i m i t s  of the o p e r a t o r s  

t (m) V (m) '0  y,  Z, ~) + b~ r.,(") ,~ O(m) t , q , r , s , t  x = O  = q , r , s , f t  , t v c t , r , s , t t U ,  tJ ,  Z ,  ~ ) ] t  - - -  - -  ~ - q , r , s , t  t,v'~-- - -  
nx nx 

Lo,, )  v ('~) '1 .~) + bl~ , .u, , )  , ,  p(m) tx=t - -  q , r , s , t , x = l  = q , r , s , f  t, , Y ,  Z ,  t U q , r , s , t l ,  t ,  i f ,  Z ,  T ) ]  4 -  q , r , s , t  , 
x r~x 

= v (m) (x, O, z, " c )+  b~ 'v r (x, O, z, x)]/--Pq(:5)~ ' (29) L(m) 
q , r , s , [ ,  y 0 ~ q , r , s , i  ' "  [ q , r , s , f  . . . .  1 , 

nv n v 

The  r e l a t i o n s  (5) y ie ld  

L~,~!~,t,u=l .un) . l .  1 , "  "r )+ 

+ bl u (m) 

ny "u 

LCm, .,(.o ~,. y ,  O, "v) + 

I b~ , ~ o n )  . 'v c~  'x y, O, ~ ) P - -  t-q.~,~.~ 1 ;= z 
l l  z n z 

L(,O v ira) ~,~ #,r,s,t,z=l = q,r s , t t . ,  9, 1, T)-" 

b I . + f4."L.,(x, v, l, . o l ' -P ' ;G . ,  ,__- 
17, z n z 

.(.,) ,,, { p . . - o  r ) .  
~,~,~,~w, v, z, ~ ) = f ~  q ..... ~ , ' =  . - ~  n~ 

.~,o , ,  [ p(~-,  t % :  ). 

( p(,,-~) t %,s "] v (")~,~.~,tt'x, O,z ,  T ) = f ~  o . . . . .  t~  v .... i ,  - -  ; 
n-~d Iby  j 

q,r,s,~t.~, 1, z, { p ( m - l )  *I~L~ . 

(30) 
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%: t " q,r,s,t ~ , ' 
= ~-7 n .  I 

11_ _, 

By using (26) it is not difficult to prove that 

h m f  Pq ...... f l i , - -  q ...... x= 1 , ; 
m ~  ~ x =  "~,v n x  ,~-7 n ~  j 

..... , l _  1 i , 
,n~ \ - - n-7 ha: / ~x n'x 

1, ~ / n ( m - , ) ,  * o r )  ( , *or / 
l m l l r q , r , s , t ,  1 1 , - -  "-=[ Pq,r,s,  t l v =  1 , - - - -  ; 

"y ~ % / 

- - ",--7 n v  / % 

f l~q ,r , s ,  t t z = I , ' ~ , 
, 7 7  nz ] n- 7 nz  / 

2 1 m f  P q , r , s d [ z _ ,  1 ,  ~z~z / = f  V q , r , s ,  Z I z = t  l ,  �9 
, - - ~-7 ~ n~ 

T h e n  t o g e t h e r  w i t h  (30) o n e  a l s o  o b t a } n s  

lim v (m) (0, q,r , s , l  
l? z ~ e,a 

m , ~ e o  

y, z, n r ) = V q  ..... ~(0, V, z, ~); 

V, z,  T ) = v q  . . . . .  ~(1, g, z, T); 

C o n s e q u e n t l y ,  

(m) ,, 
lira vq,r,s,~ i x ,  

lira v~';~-)~,, (x, 
r l ~ o o  

lim ~-'(v~;),~,, (x, 

Iim v~"~,,, (x, 
m ~ o o  

O,z ,  , ) = v q  ..... t(x, O, z ,~ ) ;  

1, z, , ) = v q  ..... t (x , . 1 ,  z, ~); 

y, O, "O=vq ..... ~(x, g, z, T); 

y, 1, T ) =  v+i~,~,+(x, V, 1, T). 

L o,,) ~r " lira r = L,~,r,s,~,~= v tim Lr .=0 = t o,r,s,r o, 

F ~  L( .O  . , ,  q,r,~,~,v=o = L r  a t  v 0; l im L~."I~,t,v=I = L , ,., , = ~  y L; 

limL(c,%~ r z-o = L ~ r  ~; limL~'2~,--1 = Lq,~,s , t , z= v (31) 

The procedure is convergent. 

In the limit for infinitely high degree of the polynomials the operators (31) tend to the functions on 
the right of (2). 

The author is sincerely grateful to I. V. Fryazinov for the trouble he has taken to familiarize 
himself with the essential material of this article and for his valuable critical remarks, 

I. 
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